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Task: Learn dynamical systems from data

>

L Fra— .
t t

time series / (discrete) space-time data

Prior knowledge

Learn with geometric prior knowledge. [incredibly active research community]*
Motivation: extrapolation, stability, geometric properties, data-requirements

Question
How to include UQ?
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Geometric model Variational ODE

Variational structure

Variational principle

Motions q: [to, tn] — Q are stationary points of

Sta) = [ (e a0, d(e e

to

subject to q(to) = do, q(ts) = dn.

Euler—-Lagrange equations

Motions solve 921 92L oL

=~ 9605° T 99957~ g

0= EL(L)

Learn Lagrangian L. [Cranmer et al 2020], [Qin 2020]
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Variational ODE

Geometric model

Examples of geometric models

Hamiltonian-based
doL oL L
(sympl) z = J"H(2)VH(2), z=(9,p)"

i ! ! (multi — sympl) Kug + Lux = V,H(u)
(PDE) 0 — EL(L) = L 9L d oL oL —
dt Ouy  dxOuy, Ou QRelgSnEllitNRIEN!

Discrete Lagrangian-based z=(J(z) — R(z))VH(z) + g(z)f, f input
e output

(ODE) 0 = Vi (La(q"L, q) + La(q’, g"1)) € =8(2)' VH(2)

Discrete Hamiltonian-based

(PDE) 0= VUJ’ (Ld(ujl"a qu:—i-l’ UjJrl) i1 i i+1 i
P . . , (sympl) 27 _ jlyy 71z
Lol )+ Lol otk u) YD T 2

Typical approach

Parametrize L, Ly, H, Hy, ... and fit to data.
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Geometric model Variational ODE

Blessings of learning Lagrangians vs. equations of motions

Hope: Less data-requirements, less model uncertainty
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Geometric model Variational ODE

Blessings of learning Lagrangians vs. equations of motions

Hope: Less data-requirements, less model uncertainty

Running example: Euler—Lagrange equations

Motions solve 2L 2L oL

~ 94047 T 99047 9q

Problem with learning Lagrangians

Lagrangians are not uniquely determined by motions.

0= EL(L)

@ lll-defined inverse problem

@ degenerate solutions

Christian Offen Structure-preserving Bayesian learning of dynamics 5/15



Method Regularisation hod

Additional complication

@ lll-posed inverse problem = huge uncertainty from model ambiguity

Regularisation that
e does not restrict generality of the ansatz e remove (some) model ambiguity
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Additional complication

@ lll-posed inverse problem = huge uncertainty from model ambiguity

Regularisation that
e does not restrict generality of the ansatz e remove (some) model ambiguity

Lagrangian ode model

0°L . 9*L . oL

0=ED = 55047 805" ~ g

Example: Linear conditions for L Theorem
(el 0, 500 deiee, o o i, @ 22 0 Non-deg. assumptions. The conditions
) ) . C» ’ '
ok sk . @ do not restrict the generality
(g*,d",g*) not a motion

0 ) 0) _ @ do not determine L uniquely
EL{L ,*q.*, q* J=0 o (infinite data limit) uniquely determine
EL(L)(q%, ¢% ")k = 7c #0 EL(L), sympl. struct. + Hamiltonian,
oL acceleration ...

—=(qb: G) = po # 0, L(qs, db) = cp # 0.
99 o safeguard from degenerate solutions
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Method Regularisation Method

Gaussian Process - Learning of a Lagrangian

New perspective: pde solving
L - oL . oL
8697 " 9q9q7 ~ Bq

+ regularisation «~~ boundary conditions.

0=EL(L) =

Fits to some theory, data-driven methods for pdes
[Owhadi,Scovel,Henning,Pfortner,. . ..

Solve this ill-posed, linear pde for L with a data-driven method.

@ Model Lagrangian L as GP (prior)
@ Condition on

o differential equation ELg (L) = 0 at data points
o (linear) regularisation

© The a posteriori process is again a GP.
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Method Regularisation Method

Covariance matrix
$ = (EL, P, ev)

(EL};,,Eng(k)),-j (EL} Py (k)i (ELjevy (k)i
0 = k(d,d) = (Pngng(k))- Png%/b(k) Pgbevgb(k) ,  k(x,y) kernel
(ev}, Eng (k) evy, Py (k) evy evy (k)

Conditional mean Lg

Lo(@) =y'0 ko= (0, ..., 0, pp, cp)0 " ELaN(/}(x,a)) , GEQ=TQ
Pc_lb(k(xaa))
k(abaa)

Conditional covariance k¢

ko(p) = p(kp) — K(p, P)OK(D,0),  peU*

Example ¢ = Hg, G € Q, Hg(L) = Pg(L) — L(q)

p(kp) = HFHY(K), (i, ®) = (D, )" = (HFELY (K)); HgPg (k) Hgevg, (k))
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Method Regularisation Method

Examples of geometric models

Lagrangian-based Hamiltonian-based

(ODE) 0 = EL(L) = dob ot (sympl) 2 = J~(2)VH(2), z=(q,p)"

d oL doL oL (multi—sympl) Ku+ Luc = ViH(u)

(PDE)0=EHL) = 53w, * ax0u, ~ 3w
Discrete Lagrangian-based 2=0() = R(2))VH(z) +g(2)f, finput

(ODE) 0=V (Lo(q™,q') + Lo(a', g'1)) € =8(2) VH(z) e output
(PDE)0 =V (Ld(u’:, uitt “i+1) Discrete HmiItonian-based ' .

J J? ") J Zl+1 _ i 1 Zl+1 47
Lo ol o)+ La(uly, ot ) (R T = SV (2>

@ Training geom. model <= solving pde for L, Ly, H, Hy, .. ..
@ The pde is linear ©
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Experiments Oscillator

Experiment: Coupled harmonic oscillator on [—1,1]* C TQ?
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Experiments Oscillator Wave

Coupled harmonic oscillator

Energy/Hamiltonian

Motion with UQ of local error +20% std. deviation
log(var(EL(L300))) 0.002 ’

1.0 0.002

0.002
0.001
0.001
0.001
0.001
0.000

o Efficient UQ without sampling.

@ No artificial uncertainty in equations of motions, Hamiltonian, sympl. structure
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Wave

Oscillator

Experiments

Wave equation

data (2 samples)

il | .
uj,u. ,Uj+1) (1) (i

stencil Ly(

J

predicted

-0.00100

0.0 0
0.00 0.25 0.50 0.75 1.00
T
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Theory Convergence UQ/Geometry

Theorem

The method converges in || - ||c2 to a true L (RKHS compatibility assumptions).

Theorem

The speed of convergence in L2-norm of EL(L), the
acceleration field, their variance is

558,

h".

I~ DOOOO000O0)
CoomNauRwNn

o N N

h: max. distance between data points
r: smoothness of underlying dynamics.
. provided that the kernel is smooth enough, r big enough.

OORE IR

e

Proof.
Interpolation & Smoothening theory.

C. Offen (June 2025). “Machine learning of continuous and discrete variational ODEs with
convergence guarantee and uncertainty quantification”. In: Mathematics of Computation. 1SSN:
0025-5718. por: 10.1090/mcom/4120.
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https://doi.org/10.1090/mcom/4120

Theory Convergence  UQ/Geometry

Geometry reduces model uncertainty

model z = fy(z). Plot var(fy)
Pendulum
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q

)
®
° o
. L 19 L .
15 -10 —05 00 05 10 15 model z = XH@ =J- IVHQ . Plot var XH@
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Summary

Summary

Training geometric model <= solving linear pde

e Efficient UQ without sampling (but you need to think about regularisation)
o Convergence analysis

@ Quantitative tool to describe benefit of geometry

C. Offen (June 2025). “Machine learning of continuous and discrete variational ODEs with
convergence guarantee and uncertainty quantification”. In: Mathematics of Computation. 1SSN:
0025-5718. pDOI: 10.1090/mcom/4120.

C. Offen (July 2024). Machine learning of discrete field theories with guaranteed convergence and
uncertainty quantification. arXiv: 2407 .07642.
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https://arxiv.org/abs/2407.07642
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GitHub Repositories

Neural Networks  https://github.com/Christian-0ffen/DLNN_pde
Gaussian Processes https://github.com/Christian-0ffen/Lagrangian_GP
https://github.com/Christian-0ffen/Lagrangian_GP_PDE

Ministry of Culture and Science
of the State of d ]
@

North Rhine-Westphalia
PhoQS

Christian Offen Structure-preserving Bayesian learning of dynamics 1/6


https://arxiv.org/abs/2407.07642
https://doi.org/10.1090/mcom/4120
https://github.com/Christian-Offen/DLNN_pde
https://github.com/Christian-Offen/Lagrangian_GP
https://github.com/Christian-Offen/Lagrangian_GP_PDE

References PDE Example

Geometric versus non-geometric stencil

Geometric model

0= Vily(uj, ui™t uyy)
+V2Ld(u I J—l,-l)
+V3Ld( uj_q,u I+%a JI

= Learn Ly: (R")3 — R / linear pde

Non-geometric model

T ) i—l i I+1
O_F( J,UJ 7uj+17u' J+1’ — )

— Learn F: (R” ) (R”) (stencil)

i+1 __ i i—1 -1 i+1 T
uy = f(uj,ujvl,uj LU g, Uj_q, U ) = stability issues

Christian Offen

T
(i+1,-1)  (i+1.3)

(1,j-1) (i) (1,j4+1)

I
(i-1,j)  (i-1,j+1)
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References

PDE Example

Learn a discrete Lagrangian density Ld( ’+1
Here 5
DEL(Ly) = af(Ld(i uftt ”JI:+1)
+Lg(u J’ 1 , uj, u_&)
+Ld(UJ' 1) U'+i,u':))

PDE Example

(i+1,5-1) (1+1,)
- —-=--9

(1,j-1) (i‘j) (1,j+1)

I
G-1,)  G-1j+1)

_/(+1) to model (unknown) PDE.

Normalisation

Normalise abs. value and local conjugate momentum of L, at base point.

Christian Offen
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References PDE Example

Wave equation (Lagrangian/discrete)

Training data (2 Samples)
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References PDE Example

Wave equation (Lagrangian/discrete)

predicted var(DEL) reference

0.5 0.00100
0.00075
0.00050

0.00025

0.0 0
0.00 0.25 0.50 0.75 1.00
T
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References PDE Example

Wave equation (Lagrangian/discrete)

predicted log(var(DEL(Ly))) reference

0.0
0.00 0.25 0.50
T

C. Offen (July 2024). Machine learning of discrete field theories with guaranteed convergence and
uncertainty quantification. arXiv: 2407 .07642.
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