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1. Basic Idea of Generative Flows Technische

Aim: Sampling from a probability distribution px (target distribution) given:
® some samples (oft many = data hungry)

¢ probability density function px(x) = exp(—¢(x))/C (Boltzmann density)
with or without normalizing factor C

It is only easy to sample from
¢ 1d distributions (cdf)

® d > 1 uniform or Gaussian "friendly” distributions pz (latent distribution)
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Flow Based Generative Models Technische

|dea: Learn a curve from pz to px or reverse
Basic methods:
® score-based diffusion models (Sohl-Dickstein 2015; Song/Ermon et al. 2019)

® flow matching (Lipman et al. 2022/23, Liu et al. 2022/23)

Single trajectory for a flow matching model trained on cat images, d = 2562

Refs: Wald/St.: Flow Matching: Markov kernels, transport plans and stochastic processes, 2025
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Absolutely Continuous Curves in (Py(R?), W5) o |

niversitat

Theorem (Characterization of absolutely continuous curves in (Py(R%), W5))
g 2 T — Py(RY) absolutely continuous, here AC?(I;Po(R4)), if and only if
there exists a Borel measurable vector field v : I x R — R such that

i) ||Ut||L2(ut) = LQ(I)1
ii) curve-velocity pair (¢, v;) satisfies the continuity equation (CE)

Oeprr + Vg - (pevy) =0

Theorem Let iy : I — P2(R?) be an absolutely continuous curve with
associated velocity field v; such that for every compact Borel set B C R? it holds

/sup |ve(x)]| + Lip(ve, B) dt < o0. (%)
I zeB

Then there exists a solution ¢ : I x R? — R? of the ODE

at(/b(tvx) — Ut(¢(t7 x))a qb(O,J?) =&

and ¢(t7 )ﬁ:u() = Mo © ¢(t7 °)_1 = Mt
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Generative flows on I = [0, 1] Technische

If v; is such that ¢(1, )40 = w1, then use your favorite ODE solver

to transport samples from oy = px to samples of 1 = uz.

All you need is v; |

Task: Learn/approximate (v;); by neural network (v?);?

Loss function for learning:

L(0) := E(twy~ta(0,1)x 1 [ [0t @) = vt x)HQ}’

not accessible, but make it conditional so that up to a constant

L(@) = EtNU(O,T),CBONMOax’VMt('|$O) [Hve(t, :C) - U(t’ x‘xo)Hz}

where in general u; starting in pg has density

pilz) = / p(alypol) d@y),  wi(z) = / pr(ly) ve(ely)po(y) d(y)

pe(z)
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M Otivation Techniscf.wle

Exploding vector fields in existing models: ||v¢|| 1,(4,) € L2(]0, 1]) neglected

1. Flow matching from couplings o of 1 = pz and p; = px:

pei=erga with e := (1 —1)z +ty

If o = N(0,1y), 11 = dp and o = g X py, then CE is fulfilled for

[z]]

pi(x) = (2m(1 —¢)?) Ze 20-07, tel0,1)

1—1 1 x
vi(@) = V(——log pu(a) + 5 2[1?) = —

1—1

IQ.

(*) not fulfilled due to singularity at ¢t = 1.

But no issue, since ODE has solution ¢¢(x) = (1 — t)x so that v;(¢¢(x)) = —x

and
[orl12, ) = /Hvt o) 2 dpio(x) /HazHQduo
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Examples Technische

2. Diffusion flows: standard diffusion equation

o o ,
Oipy = gv - (p:Vlogpt) = gApt, t € (0,1], ltlﬁ)lpt = 0o,

starting in 0y has solution

_d _ =]
pe(x) = (2m(1 —¢)) 2e 20D, po=N(0,Iy),
. B x I d
'Ut(.f(:) - _2(1 _ t)? Hvt”LQ(ﬁt) o 4(1 o t)

® instability issues concerning the learning of ¥; are caused by explosion at
times close to the target, and need to be avoided by e.g. time truncations,
S€€ Kim et al. ICLR 2022

€ similar with drifts, see Ppidstrigach, NeuRips 2022
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Further Examples
3. Flows from linear interpolation of Boltzmann energies: p; = e =¥t/ Z;

fi=(—-tfo+tfi = pr=py P

Refs: Mate/Fleuret, TMLR 2023, Maurais/Marzuok ICML 2024, Chemsedine, Wald, Duong, St. ICLR 2025, Berner, Richter et al. 2024,
ICLR 2025)

ground truth linear learned gradient flow

4. Poisson flows: on R? augmented by an additional dimension z:
—AP(,2) = paata()00(2), x €R% zeR.

z-dependent velocity field, which explodes for z — 0

Refs: Xu, Liu, Tegmark, Jakkola, NeuRips 2022

Technische
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M OtivatiOH Tefhnis.cf.wle '
In General

It appears to be unphysical that particles in diffusion can travel with unbounded
velocities, contradicting Einstein’s principles of relativity.

On the other hand

Diffusion (mathematical) can be seen as the limit of the damped wave equation
with infinite damping and infinite propagation speed.

Let us consider the damped wave equation!

Refs: Liu, Lu, Xu, Jaakkola, Tengmark, GenPhys: from physical processes to generative models,
2023
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2.1 Kac Model in 1D (Mark Kac 1974) remiscre l

Particle starts at £ = 0 to the right and moves with step At and velocity ¢ > 0
in either positive or negative direction, where

® same direction with probability 1 — aAt

® reverse direction with the probability aAt — random variable ¢, € {£1}

Particle displacement S,, after n steps (random variable):
Sn = CAt(l —+ €1 —+ E1&92 4+ ...+ E1... 5n) — CAt Z(_l)Nkz
k=0

where Ny ~ B(k,aAt) number of reversals up to step k

¢ Continuous limit for n — oo such that naAt — at, then N,, — Poi(at)

Number of reversals N () up to time t is given by a
homogeneous Poisson point process with rate a:

i) N(0)=0;

ii) Independent increments of N(t)

iii) N(t) — N(s) ~ Poi(a(t — s)) forall 0 < s <.
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2.1 Kac Model in 1D (Mark Kac 1974) remiscre l

Particle displacement:

@p)
/N

N~
N—

1

¢
c/ (—1)N) ds
0

\ 7
N~

7+ random time

Kac process starting in 0:  K(t) := B%S(t), By~ B(1,3)
Kac process starting in Xo: X := Xo + K(¢)
- f’/{‘.lé’ wﬁt‘f\;fwf‘}'". 4{
e ~ A T /
% {k @:\}::IQ* i:ﬂl} %‘h Wg§} 1”'qlI )

Figure 1: Paths of the componentwise Kac walk in 2D, simulated until time 7' = 10 with damp-
ing /velocity parameters (a,c) = (1,1),(2,1), (4,2),(25,5), and a standard Brownian motion (right).
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2.2 Telegrapher’s Equation and Kac Flow in 1D Techmsche'

niversitat

Damped wave equation (telegrapher’s equation):

Opu(t, ) + 2a Opu(t, ) = 2 Azu(t, x)
u(0,2) = fo(z)
Ou(0,2) =0
- a > 0 damping coefficient

- ¢ > 0 velocity of the wave front

Distributional solution ( fy distribution):

Tr+ct r(x —
u(t, ) = %e_at (fo(flj + ct) + folz — ct) + 5075/ h(Brel y»fo(y) dy

T—ct ’I“t(CU _ y)

+8 [t ) ulo) @),

where I is k-th modified Bessel function of first kind and

ri(z) = Vet — g2 Bi= %,
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Telegrapher’s Equation and Kac Flow in 1D Techn.-sche'

niversitat

® Special case fo = dg:

u(t,x) = %e_at (d0(x + ct) + do(x — ct)) + u(t, x),

where

I1(Bri(x))
ri(x)

i(t, ) = o (Bt + BI(Bri(2)) )1 et ()

® Associated probability measure p;:

e—at

pne(A) = 9

(0—ct(A) +6ct(A)) + /A&(t, r)dr VA€ B(R)

is the probability distribution of the Kac process K (t) starting in 0.

® let Xy ~ fo have probability density. Then, the solution u(t,x) is the
probability density of the Kac process (X;):>0 starting in Xj.
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Telegrapher’'s Equation and CE remiscre l

Theorem

Let fo = dg. Then pu; associated to u(t,-) solves (CE)

Ot = _8zc(lutvt)

in a weak sense, where the velocity field v:(x) = v(t, z) is given by

"

HENGRE)
v(t,x) = < c !f x = ct,
—c if x = —ct,

arbitrary  otherwise.

Compare to diffusion starting in dg: v(7) = 57

When starting in d,,, we know v(¢,z) and we can sample from u(¢,z) !
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3.]. KaC,S |nserti0n Tef':hnis.cf.!.e'

Proposition (Kac’ insertion) (Griego/Hersh 1971)

For any initial function fo € H?(R9), d > 1, let w.(t,z) be the solution of the
undamped wave equation with velocity ¢ > 0

Opw(t, ) = Aw(t, x),

w(0,2) = folz),
Oyw(0,x) = 0.

Then, the function u : [0,00) x R? — R defined by
u(t, ) := El|w(r, z)]
solves the multidimensional damped wave equation.

Drawback: For d > 1, the u(t,z) obtained by Kac' insertion method might not
stay a probability density if we start with a probability density f,
see example in Tautz/Lerche 2016.
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Useful Convergence Results Techn.-sche'

niversitat

Theorem (Griego/Hersh 1971)
For fo € H?(R?). Let W be a one-dimensional Wiener process. Then

h(t,z) :=E[w (cW(t),x)], o>0

solves the heat equation

2

Oih(t, ) = %Ah(t, z),
h0,z) = fo(x).

® If Xy ~ fo with probability density fp, then h is the probability density of a
d-dimensional Wiener process c W (t) starting in Xj.
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Useful Convergence Results Techn.-sche'

Theorem

For fo € H?(R?), let u be given by the Kac’ insertion with a > 0, ¢ > ¢y > 0,
2
and h the solution of the heat equation with 0 := <. Then

1 1
h(t,-) — u(t, - < d for all £ > 0.
It ) =t zaquey < Clend)(Z+—7) - forall >0

® ) and u converge to each other for ¢t — oo

® for any t > 0, the solution u®“(¢, -) converges to solution h(t,-) for

. . 2
a,c — 0o with fixed 02 = <

® in particular, this holds true in one dimension, where we will need it
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Technische

3.2 Multidimensional Kac Process

For a random variable X € R?, d > 1, we consider i.i.d. copies K(t),
1 =1,...,d, of a Kac process starting in 0.

@ d-dimensional Kac process starting in 0 € R%:

K(t) := (K1), ..., K1)

® J-dimensional Kac process starting in Xp:

X, = Xo + K(#)

t=03 o o t=0d? t=1¥
Egn g
| v YT s J
LE " TR g SR LR E
‘ ;. 4 * 4“%%-'* hé% vl
& & H 3
E=0LN ooy (187 b= 02 t=1LK
‘ ‘ - s -8 ‘. .. uﬁ .:'._-:-
’ * | ARG
- # - Aok ‘|
B '

Kac process X; with (a,c) = (1,1) and (a, c) = (25, 5)
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PI‘OpertieS Technische '

Proposition (CE and Lipschitz Continuity)

Let Px, € Py(R%). Then, for the probability distribution flow (Px,)t>0 of the
d-dimensional Kac process X; starting in X, the following holds true:

1) (Px,)¢>0 is Lipschitz continuous in the Wasserstein space with constant dzc,
and X; is almost surely Lipschitz continuous in R¢ with the same constant.

i) (Px,)¢>0 is an absolutely continuous curve in AC?(]0, T']; Po(R%)) for any
T > 0, and admits a velocity field fulfilling

”U’fH%z(ut) <dc* forae. t€]0,00),

iii) The support of (Px,):>0 grows at most linearly in time.
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3.2 Multidimensional Kac Process remiscre l

Theorem (Convergence)

Let fo with fi € H?(R) be a probability density of a random variable
Xo = (X3, ..., X8) with independent components such that

d
fo(z) = fO(CU17 e 7$d) — Hfé(:l?z),
1=1

Xo + K(t) with probability density u;, and

Xy + oW (t), 02 := < with probability density h;.

Assume that Xy is independent of K(t) and oW (t), respectively.
Then it holds

1

d—1 1
atlt 1 cazt

It ) — u(t, ) 1m0, < Calco,0) (

N =

) + Rd(a’v C, t)7

v
where the function Rg4(a, c,t) satisfies lim, o100 Ra(a, c,t) = 0 for any ¢, and
Ry(a,c, ) € (’)(t_(%JF%)) for any a, c.

Hence, the density of our multidimensional Kac process Lo-converges to the
. . . 1,d-1
density of the Wiener process with rate O(t=(2+71)).



http://www.mathematik.uni-kl.de/~steidl

A S A

Outline

Basic ldea of Generative Flows

Kac Model and Telegrapher’'s Equation in 1D
Multidimensional Generalization of the Telegrapher’'s equation
Velocity Field of the Multidimensional Kac Flow

Numerical Examples

Technische



http://www.mathematik.uni-kl.de/~steidl

4. Velocity Field of the Multidimensional Kac Flow

Lemma

Let p; € AC?(I; P2(R?)) such that

d
pe(x) = H,ui(a:z) for all z = (2, ..., z%).
i=1

Furthermore, assume that the one-dimensional measure flows u! satisfy
pt € AC?(I; P2(R)) and a CE with some vector field v, i.e.

Oupt(z?) = =0, (pi(x*)vi(z?))  for all z* € R.
Then p; satisfies the CE
Orpe(x) = =V - (pe(2)ve())

with the velocity field

ve(x) = (v} (2h), ..., vHx?))  forall z = (z!, ..., z%).

Technische
niversitat
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Kac Process Conditioned to Start in z; remiscre l

Theorem

For a fixed zg € RY, let X; = xg + K(t) be the Kac process starting in xg.
Then, pi(-|zg) == Px, satisfies a continuity equation (??) with the velocity field

ve(x|xg) == (v (xtx)), ..., vd(x%xd))  forall x = (2t ..., 2%),

where the univariate components v!(z'|x}) are given by

’

re(z" — ag) To(Bre(z’ — fﬂé))>—1

, : if ' ¢ xi—ct,wi—l—ct
c I (Bri(xt — x})) (g 0 )

(' — =) (t+

vi(aﬂxé) = < c if :1:’ — :cé + ct
—c if ' =z — ct
arbitrary otherwise.

\

Furthermore, it holds

vi(2'fag) = EX'(t) | X{ = 2", X = xp).
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Velocity Field of the Multidimensional Kac Flow

Corollary

Let X; be the multidimensional Kac process starting in X ~ 1o € Pa(R?).
Assume that X is independent of K(¢), and assume that X has a density fp.
Then, the marginal distribution of X; admits the density u; given by

u(x) = /ut(az|azo)fo(xo) dxg,

where u:(-|xg) is the conditional distribution of X; conditioned to Xy = zy.

Denote the conditional velocity field corresponding to wu(:|xg) by vs(+|zg). Then,

the vector field

1

ut()

/ut(a?|:r;0) ve(x|xg) fo(xo) drg

ve(x) 1=

satisfies the CE
pur(x) = =V - (u(z)vy(z))
In the distributional sense.

Technische
niversitat
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Loss Function for Learning the Velocity Field
Loss function:
2
L(0) = By aymato,my |08 2) = v(t, )]

Up to a constant

L(0) = Einvi(0,7), mo~p0, wrs (-|0) {Hve(t, ) — U(t733|330)H2}

Remark: Suppose that the times at which the Poisson process jumps are given
by 0 < g1 <j2<---<Jn() <t. Then 7y can be expressed exactly as

N(t)—1
=gt S (DG — k) (CDNOE — Gy):
k=1

where we define jO — O, SE€E€ Zhang et al., Mathematics and Computers in Simulation 2018

Technische
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5- Numel‘ical Examples Technische'

Figure 4: Backward evolution of the learned Kac flow for (a,c) = (25,5), see also Figure|5,

A N e | of . = R N s
(a,c) = (25,5) (a,c) = (64, 8) (a,c) = (1600,10) diffusion

80k iterations 280k iterations 460k iterations 420k iterations

Figure 5: Generated samples (blue) vs. ground truth (red) at the indicated iteration for each model.
The Kac model can precisely recover the small modes, while the diffusion model creates "blobs".
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5- Numerical ExampleS Techm'sche'

Figure 6: The standard forward Kac process starting in MNIST data, simulated until time 7' = 10
with (a,¢) = (1,1) (upper row) and (a,c) = (25,5) (lower row).

(a,e) = (1,1) (a,e) = (25,5) (a,e) = (100, 10) (a,c) = (225, 15) (a,c) = (900, 30)

Figure 7: Generation results of the mean-reverting Kac model for T' = 1.

(a,e) = (1,1) (a,e) = (25,5) (a,¢) = (100, 10) (a,c) = (225, 15) (a,c) = (900, 30)

Figure 8: Generation results of the mean-reverting Kac model for T' = 5.
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End

MANY THANKS FOR YOUR ATTENTION!

HAVE a NICE SOMMER!
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Figure 1: Paths of the componentwise Kac walk in 2D, simulated until time 7" = 10 with damp-
ing /velocity parameters (a,¢) = (1,1),(2,1),(4,2),(25,5), and a standard Brownian motion (right).
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Figure 4: Backward evolution of the learned Kac flow for (a,¢) = (25,5), see also Figure @
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(a,¢) = (25,5) (@, c) = (64, 8) (a,¢) = (1600, 10) diffusion
80k iterations 280k iterations 460k iterations 120k iterations

Figure 5: Generated samples (blue) vs. ground truth (red) at the indicated iteration for each model.
The Kac model can precisely recover the small modes, while the diffusion model creates "blobs".



Figure 6: The standard forward Kac process starting in MNIST data, simulated until time 7' = 10
with (a,¢) = (1,1) (upper row) and (a,¢) = (25,5) (lower row).



(a,ec) = (100, 10) (a, ¢) = (225, 15) (a, ¢) = (900, 30)

(a,¢) = (1,1) (a,e) = (100, 10) (a, ¢) = (225, 15) (a, ¢) = (900, 30)

Figure 8: Generation results of the mean-reverting Kac model for T' = 5.
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